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Inelastic photon-neutrino interactions using an effective Lagrangian
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We justify the feasibility of substituting a photon leg by a neutrino current in the Euler-Heisenberg Lagrang-
ian to obtain an effective Lagrangian for the procgss— yyv and its crossed reactions. We establish the link
between these processes and the four-photon scattering in both the standard model and the effective theory. As
an application, we compute the processes— yyv and yy— yvv, give their polarized cross sections, and
show how to use they— yy results as a check. We settle the question about the disagreement between two
computations in the literature concerning the reactign— yvv. [S0556-282(199)03301-9

PACS numbds): 13.15+4g, 13.88+€, 14.70.Bh, 95.30.Cq

I. INTRODUCTION are not constrained by Yang’'s theorem. Moreover, the extra
a in the cross section is compensated by an interchange of
Processes involving neutrinos play an important role inthe w/M,y suppression by aw/m, enhancement.
astrophysics. For example, during the evolution of a star, Recently, Dicus and Repko derived an effective Lagrang-
neutrino emission carries energy away from the entire volian for five-leg photon-neutrino interactiofd]. They based
ume of the star, while, because of short range interactionsheir derivation on the Euler-Heisenberg Lagrandiah Af-
the compact(densg¢ central part is opaque for photons, ter Fierz rearranging, taking the large mass gauge boson
which remain trapped inside. In that sense, contrary to théimit, and applying Furry’s theorem, they found that the am-
neutrino, the photon is an “amnesic” particle. plitude of the five-leg photon-neutrino process reduces to a
In particular, despite their small cross section, low-energyfour-photon amplitude with one photon field replaced by the
photon-neutrino processes are potentially of interest in stellameutrino current. Using such a Lagrangian, they calculated
evolution as well as in cosmology. Typical examples are theprocesse#d), (5) and(6) for energies below the threshold for
processes e"e” pair production, showing that the energy dependence
is w1% By extrapolating this result beyond the range of va-
yv—yv (1) lidity of the effective Lagrangian, the resulting cross sections
. are of the order of 10°2 cn?, for w~1 MeV. This is to be
yy— vy 2 compared with procesél), whose cross section is of the
order of 10°%° cn?, for w~1 MeV [3].
VU= yy. 3 Basing their work on Refl4], Harris, Wang and Teplitz
[6] investigated to which extent five-leg neutrino processes
Nevertheless, the cross section for such reactions is togffect the supernova dynamics, in case the results of[REf.
small. In fact, because of the Yang theorg, which for-  ¢ould indeed be extrapolated above 1 MeV. They estimated
bids two photons to couple ink=1 state, their amplitude is  that, in order to fit with the data of SN87A, the cross sections
exactly zero to ordeG [2] in the standard modéBM) and  of  reaction (4) should have the behavior
they are suppressed by powers ofM,y, wherew is the 10753 »/1 MeV) ™84 cn? for w of the order of few MeV.
center-of-mass energy of the photon avig, the W boson Furthermore, the computation of proce®s in Ref. [4]

mass. In case of massive neutrinos, a suppression factgisagrees with the result obtained in 1963 by Hieu and Sha-
m, /M,y is also present, whem, is the neutrino mass. For palin [7].

massless neutrinos, the first non-zero contribution is always Given the above scenario, the aim of this work is three-
of order 1My, and the SM cross sections have been showrold. First, we would like to demonstrate, step by step, in a

to be negligibly small in Ref(3]. somehow pedagogical way, the derivation of the effective
On the contrary, five-leg processes involving two neutri-theory for inelastic photon-neutrino processes from the effec-
nos and three photons, such as tive Euler-Heisenberg theory describing elastic photon-
photon interactions. Secondly, we want to settle the question

Yv—yyv (4 of the disagreement between the calculations of Rdfsand

o [7] for procesd5), which is an important energy-loss mecha-
YY—yvv ) nism in the stellar evolution. The conclusion is that our result
agrees with that of Ref4]. Thirdly, as a cross-check of Ref.
VU= YYY, (6)  [4], we compute the direct process— yyv, explicitly giv-

ing all polarized cross sections in the effective theory. All
calculations in this paper are performed with massless neu-
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"Email address: matias@mail.cern.ch It goes without saying that computing proces$#s (5)
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P e (a) mass of the electron. Amplitudes involving higher mass par-
7 ticles, such aw, 7, gauge boson&, or hadronsH (at these
energies quarks combine into hadrpnare suppressed by
P €N NN P € powers of 1M;, with i=u,7,G,H. It is precisely the ap-
pearance ofm, as the scale, instead bf,y [which turns out
o 34 il es to be the scale that controls reactigids, (2) and (3)], that

makes these processes relevant at energies of the order of
FIG. 1. Four-photon interaction in the effective Lagrangian ~ few MeV.
and in the SM(b). We denote byA;j;, and B;j the contributions coming
from diagrams(a) and (b) in Fig. 2, respectively. With this
production threshold, is of extreme interest so as to preciselgotation,i,j,k label a particular permutation of the photon
settle their role in astrophysics. Such a computation is unddegs. Therefore, the total amplitude reads
way [8], and, when completed, will give cross sections valid
for all energigs up tau<MW, therefore setting the real A§M= Ea(ﬁl,)\l)fﬂ(ﬁzy)\z)fy(ﬁs,)\ )
range of validity of the effective theory.
The outline of the paper is as follows. In Sec. I, we X[(ASES +ASEY) + (ATS) + ASEY)
derive the effective five-leg Lagrangian from the SM. In Sec. o o o u o
[ll, we compute the polarigzled g'jmd ?he total cross section for + (A2{337+A3f27)+(81§37+ B3§1y)+(51’§27+ BZBY)
vy—yvv. Finally, in Sec. IV, we deal with the process +(Bz:{33y+ Béff{)], (8
yv— yyv, wWhose polarized cross sections are explicitly pre-

sented in the Appendix. = o . .
PP wheree®(P; ,\;) are the polarization vectors associated with

thei-th photon. We grouped the amplitudes because, as we
Il. DERIVATION OF THE EFFECTIVE LAGRANGIAN shall see, it is convenient to consider the diagrams in pairs.

Our starting point is the leading term of the Euler- For instance, the amplitudes for the first two diagrams are
Heisenberg Lagrangid®], describing the photon-photon in- )
. . . g
teraction of Fig. 1a): A123 _ —(gsw)3( )

a2

=—— [5(F, ,F*")?=14F , F™F, F**]+ O(a®). 1) 1
EE-H 180,n: [5( 3% ) 3% \p ] O(a ) 5 z Tl“ ( ) (2 )4
m

™
1 1 1

1

In this equationg is the QED fine structure constant, the X f do"Tr| y
Q23 Q" Qo Q1

electron mass ané ,, the photon field-strength tensafe_,
can be obtained by matching, in the lamgg limit, the exact
result with all possible operators compatible with the sym- aBy_ g \?
metries, at a given order in the momenta and powers of Azor = —(9Sw) 2Cy

1M3,.
In order to find the relation between the effective La- SR ( 1 ) 1
grangian of Eq(7) and the one describing proces$ék (5) — (2m)?
and (6), we write down the corresponding amplitudes in the
SM, and show under which approximations they are equiva- f da"Tr #W L 1
lent, up to a global factor. q 7 Qo
At the one-loop and at leading order inM3,, reactions
(4), (5) and(6) are given by the diagrams of Fig. 2, plus all ¢ B 1 y 1 9
possible permutations of the photon legs. The scale is deter- Y Q. Y Q- (23 '

mined by the mass of the fermion running in the loop, so
that, at low energies, the leading contribution is given by theyhere Q =0Q;i*m; (Q=0, Qu;=g+p,+ps, Qr=q

+py, Q_1=Qq—py, etc), LA,=1/((ps+Pps)>—M2)~

pp @ (a) —1/M2 and

N[ =

ngveiae, Ue=—§+256\,, A=

P3, €

Furthermores,, andcyy are the sine and cosine of the Wein-
berg anglew™ =(1+ ys)/2 and

pPs vV v ps

FIG. 2. SM leading diagrams contributing to five-leg photon-
neutrino processes. I',=v.(5y,w_u_(4). (10
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By reversing the trace iAs,;, changingg to —q andm, P2, €2
to —m, (only even powers o, survive one finds thaf\;,,
is equal toA;,3 with the replacemeny™—w™". Thus, in the P, & Ps; €3
sum, thevys contribution cancels in the trace and the pair
loses memory of the axial part:
P4 Ps
g\ 1
ALY+ AgEY = _2(93\/\/)3(?) el A_ paBy FIG. 3. Five-leg photon-neutrino effective interaction.
W
sSV
Ma,BV_ dq Tr{ H— y*/i yﬁ ! i} Affay"‘Agégly‘F Bﬁ;a”' B321 (1+ve)
Q
(11 xT A 2 Lﬂaﬁy (15)
The same trick can be applied to each pair of diagrams of
type B. For instance Similar results are obtained for the other two groupings of

four diagrams, the only difference being a trivial change of
g 2 momenta and indices insidg“#? .
B +B3sY=—4(gsw)®| —| T ,L4*FY At this point, the correspondence with the four-photon
2v2) "

2 scattering 9] is evident. In fact, by fixing the fourth photon

leg and callingC{%y the corresponding amplitude in Fig.
J g 1 1 1 1(b), one finds a contribution proportional to the same inte-

q"Tr| y

AW(Q)

M_ Y— A
7 7’ 7 :
Q, gralL,

Lgaﬁy_

12 Ciy/+ Cafr=2g"se, (Pa\)LE™?, (16)
and similar results for the two remaining combinations
CsbY+C58Y and C5fy+ C5LY . Therefore, since the four-
photon process is described, at energies balgw by the
Euler-Heisenberg Lagrangian of E), it turns out that the
same effective Lagrangian can also be used to describe pro-
) cesseg4), (5) and(6). The only change is the replacement of
1 _ 1 B k“+2q-k (13) a photon line with a neutrino pair. That can be formally
Aw(@)  g?—M% (gP—M&)(g+k)2—M3)’ achieved by considering the two neutrinos as a new “gauge
field” * A,=yy,(1— ys)$=2T,, with field strengthF ,,

wherek=p,+ ps+ ps. Once introduced in Eq12), the first In cqnclusio_n, theT eff_ective Lagrangian for the five-leg
term in the right-hand sidéRHS) of Eq. (13 allows the interaction depicted in Fig. 3 reads
following splitting:

where Ay(q)=(q+ po+ p3+ps)?— M\ZN. At this point, to
consistently retain only term@(1/M3), one has to expand
1/Aw(q) as follows:

c nv Ap IE 2 pi
[5(F JF )(F)\pF )—14FM,,F FMJF 1-

1 1 1 1 1 Fe™ 180
2 2 2 2 T T 2 2 27 2 2 17
q_meq_MW MW q —mg q_MW
+O(1M &/)- (14) The constanCC remains to be fixed. This can be easily ob-

tained by considering the following ratios of amplitudes in

i . ) i ) ) the largem, limit
The first term in the previous equation gives laptype in-

tegral, while we have explicitly checked that, after adding ASM geft

the contributions of allB'¥, the second term vanishes at lim —2v_ 74y (18)
2 ASM Ae ’

order 1MW. large mg

On the other hand, the second term on the RHS of Eq.
(13) is of order 1M3,, and can therefore be neglected. ThiswhereP stands for any of the process@, (5) or (6), and
can be easily seen by splitting again the denominators aky is the four-photon interaction.
shown in Eq(14). That procedure already generates an over- The first ratio is given by Eqg15) and(16):
all 1/M\";v factor, and what remains is finite and proportional
to an extra factor M3,.

In conclusion, at leading order inMI&,, the set of four  Iwe are using a different convention fgx, with respect to Ref.
diagrams(from a total of 12 is always proportional td., : [4].
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Aﬂﬁ: AMGsGe,(PaNy) 19 Ty reads
AEM e(1+ve)r,u ! TfiZCMU'UV(Pv)’yU(l_'yS)Uj(Pj), (25)

while the ratio between the two effective amplitudes can behen
calculated using the effective Lagrangians in E¢®.and

(17): | Tal?=4C?[(P,-M)(Py-M*) + (ve>v) = (Py- P,)[M|?
3 —i PAPIMPM* 7], 26
Aﬂ: e'eu(PsNg) 1 (20) o ] 0
Ap 8m°Cl', mg’ with C given in Eq.(21) and
where we have used the fact that the amplitudes for four- M,= e (P, \1)€°2(P,,\,)€3(P3,\3)
photon and photon-neutrino processes have exactly the same
momentum dependence in both SM and effective theory. Fi- XMy, ayazo(P1,P2,P3.Ks). (27)

nally, from Eqgs.(19) and(20) we derive )
The functionse(P;,\;) are the polarization vectors of the

B g°s3(1+ve) _ 2Gra®(1+v,) @1 photons anM,, ... is the scattering tensor defined by
- 32 2m4M2 - 4 )
ar e'ViW \ 27Tme Ma1a2a30( P11P21P3ak4)
which agrees with the prefactor of the effective Lagrangian = yabhiaabohasbaraT, o SHIPoKs. 28)
used in Ref[4]. 1818 oBoN3Bauv

From the previous derivation, it is clear that the analogy,:ina”y, the tensord), T, andS are
between the two processes also holds at the level of the exact
calculations in the SM, within the approximations discussed. Ualﬁlklazﬁzkzaaﬁah35|Eijk| Pi)\lp?\zp)k\:igaiﬁlgajﬁzgakﬁs
Therefore, by substituting !

a2 S,uvp(rE (g,upg vo (ﬂ(_) V))
C—) m_g and Fl-’«—>26#( P4,)\4) (22) T}\]_B]_)\ZB27\3ﬁ3/J«V
(for any polarization\,= =) in the five-leg photon-neutrino 10 Ny 2B (e ohareBofB
process, the amplitudes of the four-photon pro¢eshould = 1_80{[9M 197719 7"2g"P3 = (N3 Ba))]
always be recovered. Notice that in the equivalence between
our process and the four-photon process, one external leg 14 \ N
of the four-photon amplitude should be taken off-shell. ~lrerli+ 754l rgPre—(Br—\y))
The previous derivation can be generalized in a straight-
forward way to an arbitrary number of external photons. X (gP2r3gPst — (B N3))]—[ B N2} (29
IIl. POLARIZED AND TOTAL CROSS SECTIONS Using the Ward identitkyM , =0 and the fact that the last
FOR yy— yvv term of Eq.(26) canceld when taking the square, we simply
get

In this section, we give details for the computation of
process(5). Our main motivation is the disagreement be-  |T5|?=—4C2(P,-M)(P,-M*)+(P-P,)|M|?].
tween the calculations of Ref§4] and [7]. For massless (30

neutrinos, the differential cross section reads . .
To compute the phase-space integrals, we work in the

1 o center-of-mass frame of the two incoming photons:
do= ————|T|?dPsdP,dP;(2m)*5* P;— Py)
4(P1-P2) Pi=(0,6)=w(1A), P,=w(l,-n),
P,.=P,+P,, P;=P3+P,+P5, P3=(w1,01)=w1(1A"),
d~P d3P (23) PV:(a)z,(r)z):wz(l,ﬁH),
=530
(2m)°2w Pr=2ow— w1~ 0wy, — 61— &3), (31

Here,P, , are the momenta of the incoming photoRs, the
momentum of the outcoming one aij , the momenta of
the outcoming neutrino-antineutrino pair. Therefore the 2Since the tensav “1%2%3% in Eq. (28) is real by construction, the
dilepton energy is last term of Eq.(26) immediately vanishes, for symmetry reasons,
when taking a real representation for the polarization vectors ap-
ky=P,+P5; (24 pearing in Eq(27).
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wheren, i’ andfi” are unit vectors. In this procesB, and do(L,I,1)
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2.2 3
Gra“a 3
(0—wq)

P, always appear as a sum in the amplitude, kpd (2w

y sin 6dodw,  48600mx* ¢ “1
—wy,— (1)1).
The scattering plane is defined by the unit vectdrand X (4(410+ 374 cosé
A’. The polarization vectors of the two photons with mo- . )
mentuma and @, can be defined with respect to this plane, —93 sirf6) w”— 4(79+ 33 cos)
as follows: X sirfww,+9 sirffw?)
- - nin’* 2,2 3
e(n,J_)ze(n’,J_)= O!Sijk'_ dO’(J_,J_,”) GFa o 3 3
sin @ - = g0 wi(w— ;)
sin fdédw; 12150n_ =
R i’ — cos i X (4(9+7 sirff) w?— 112 sifbww,
e(fIN=]0,———— o
sin 6 +49 sirffw?)
i’ cos 6— dor(Il,II,1) GZa?a®
A’ h={0,————|, cosf=n-f". 32 B LU 3w (w—
(1) ( sin 6 ) B2 & 6d6dw, 12150m¢7° ilw=wy)

The completeness and normalization relations are easily
checked

X (6w—7 sin 6?w;)?

do(l,.LI)  Gfa’a®
s . . KK P4 K #KY sin 0d0dw; 48600n2774w oile= 1)
e*(kKN)e' (k) =—g¥'+ ——
= ( ( J (k-k") X ((34+ 22 cosb) w— 3 sin HPw,)?
% % do(L,I,l)  Gfa’a®
e“(k,N) e, (kN)=—1, for N=1,II. (33 oL BF 0303 (0— o)
sin gdfdw,  48600nS7* " ! !
In the previous equationk= (k° k) is the momentum of the X (34— 22 cosf)w— 3 sin #2w;)?
photon andk’ any arbitrary vector non-parallel foand such
that k’>=0. The simplest choice i&'=(—~k°K). In the 4o 1,1) G2a%? L
frame defined above, by using the fact tivais real with our Sin 6dodw, 48600n2174w wi(w—w;)

choice for the polarization vectors, each of the two terms in
Eq. (30) gives a contribution proportional tdv|?, for each
set of polarizations X;,\,,\3). After integrating over the
lepton pair, the polarized cross section has the form

do(Ng, Ao, \3) Grala®
0- 1 1 =
LR2ET 3mi(P, - Py (2m)°

d*P
XMZ()\la)\ZI)\S)klzl 31

X (4(317—374 cosb
+93 co26) w?— 4(79—33 cosf— 79 cod

+33 co$h) ww; + 9 sirtfw3). (35)

By summing the above contributions and averaging over the
initial photon polarizations, one gets the unpolarized differ-

(39 ential cross section
w7
wherea=1+v,.. By inserting Eq.(32) in Eq. (34), one ex- do G,Z:aza3
L _ 3 _
plicitly gets sin #dfdw, 48600n27r4w oilw=— o)
do(L,L,L1) GZaZa® X (22240%—592 sirfw?—520 sifbww,

= 3 3 e )
sin 6dodw, - 6075memt " w3(0—01)(4o——siflo;)

G,Z:E:'lzoz3

da((ILI1,1))
sin dodw,; — 6075MS7*

‘03‘0?(‘0_ wy)

X (—4(—4+3sirf0) w?

+4 sirfww,+sint0w?)

013008-5
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+139 siffw?), (36)

from which the total cross section immediately follows

2144 Ga%a®| w

8
) w?. (37)
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The formulas in Eqs(36) and (37) agree with the results IV. CROSS SECTION FOR yv— yyv
presented in Refd] and disagree with the ones obtained by | this section, we present results for the differential and
Hieu and Shabalifi7]. the total cross sections of procdds. As a cross-check, two

As a cross-check, we computed the polarized amplitudegygependent calculations have been performed. On the one
for the processyy— yy, using the effective Lagrangian of hand, we directly squared the amplitude with the help of the
Eq.(17), where we substituted back the neutrino current Withcompleteness relation of E¢33). On the other hand, we
a photon polarization, and pui=w; in order to have an separately calculated all helicity amplitudes. The correspond-
on-shell photon. We recovered all the polarized amplitudesng polarized cross sections are given in the appendix. The
given in Ref.[9].2 unpolarized differential cross section reads, in both cases

d2o a2a3G2wS

_ 5_ 4 3 2 2
Jorda; ~ 60750 (75880°— 210550 (w1 + w,) + 203(1106302 + 217500 o+ 1106302)

— 20?(6067w3+ 1555202 w,+ 155520, w3+ 606 7w3) + 2w (208507 + 53720 5w, + 8103w w5
+ 53720, 03+ 208505) — 139 505 + 1507 0, + 26wiws+ 26w2ws+ 150,05+ 503)), (38)

wherew, andw, are the final photon energies, computed in the center-of-mass of the initial state. Integrating enerw,
gives the total cross section

de fw q d?c 262 GZa?a® | 8 ) 39

olyr=yyr)= | doy (o-wp 2dede, 127575 a% \mg “ (39
|

The results in Eq938) and(39) agree with the correspond- APPENDIX A: POLARIZED CROSS SECTIONS

ing expressions in Ref4], which we confirm. FOR THE yv— yyv PROCESS

We work in the center-of-mass frame of the photon-
V. CONCLUSIONS neutrino initial state:

In this work, we justified the effective Lagrangian ap-
proach, based on the four-photon Euler-Heisenberg Lagrang-
ian [5], to compute five-leg photon-neutrino processes. We
gave all essential steps for the derivation of the effective
Lagrangian at leading order in the Fermi theory. We com-
puted the processesy— yvv and yv— yyv, explicitly list- P3=(wy,5) = wy(1,0"),
ing all polarized cross sections.

Concerning the processy— yvv, we confirm the results
of the calculation reported in Ref4], while we disagree
with the expressions of Ref7].

P1=(w,(?))=w(l,ﬁ), Pzz(wl!d}l):wl(l!ﬁ’)v

P,=(w,— &)= w(1,—n),
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port from a Marie Curie EC GranfTMR-ERBFMBICT wheren, i’ andf” are unit vectorsP,, P, andP; are the
972147 initial and the two final photon momenta, respectively, while

P45 are the initial/final neutrino momenta. The five indepen-
dent phase-space variables can be chosen as the two energies
w; , and three angles that determine the overall orientation of

3 . . .
In [9], the polarized amplitudes are correctly reported, while Weiha tri 3 3 B . :
. . ) e tripod ,P3,Ps5). Two angles &4, fix the direc-
found a mistake in the general expression for the four-photon am-. PO P2,P3.Ps) gles &, 1) _
plitude. The global sign of the fifth line of E54.21) should be a 10N Of P> and one angle takes care of the rotation of the

minus. Since the computation of R¢T] is based on Ref9], that (P3,|55) system aroundsz. With this choice of variables,
mistake could be the source of the error in Ré&. the polarization vectors for the incoming photon read
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0 /]n/rk
. B —sin ¢1 G(n J_)_G( J_):(O,Sijk—sing)
€= _cos $icosa; |’
COS ¢4SiN a4 N A" — cos 61’
0 (A", g )’
R COS ¢y
n,Ll)= . A2 R R
€ML)=1 _sin ¢ycosa, (A2) » A"cos — A’
sin ¢4sin a; e(MIN=10 —5ng— (A3)

Denoting by# the angle between the two final-state photons
(cosf=n"-f"), our choice for the polarization vectors of the The computation of each set of polarizations gives the fol-
two outgoing photons is instead lowing polarized cross sections:

d?o(L,1,1) d?o(l,1,1) a?a’Gle’ .
- = 243000:m? (8298 — 36507~ 8530w, 28220705~ 282207 w5~ 853w, 05— 36503

dwldwz N dwlde
— 1447 To*( w1+ 0y) + ©3(103783 + 281440, w,+ 1037803) — 20%(2041w3+ 86 7Tw2 w,+ 867w w3
+204103) + 4w (487w + 1135w3w, + 2858w w3+ 1135w, w3+ 487w5)) (A4)

dza(ll,ll,ll) d?o (L, 1,1 20°G2w® 234
dow,dw, do,dw, 243000#‘ 8(

20°— 36505 — 677w w,— 123803 05— 1238w ws — 677w 05— 36505
—9373* (w1 + wy) + w3 (97625 + 2260Qw, w, + 976203) — 14w?(367w3 + 11832 w,+ 1183w, w)
+367w3) + 40(44307+ 100303 0, + 241802 w3+ 10030, w3+ 443w3)) (A5)

d*o(L L) _ d®o(llL) 243G203 . ]
24300074 8(10206w 102505 — 32730% w, — 506603 w2 — 5330w w3 — 3537w, w4

d(l)ld(l)z dwldwz
— 102505 — w*(30449, +29921w,) + 20°(1728%% + 308140, w,+ 1689303) — 2w%(982%w3
+ 22752 wy+ 224930, w3+ 982%3) + 4w (1587w + 42703 w,+ 546502 w3+ 4336w, w5+ 165303))
(A6)

do(L, L) _ d?o(lL,I) 243G203 . . )
2430007_4 8(1020&) 102507 3537w1w2 5330w w5 — 5066w1w2 327301w2

dwldwz dwldwz
—102505— ©*(29921n; + 30449,) + 2w°3(168930>+ 308140, w, + 1728%w3) — 20%(982%w3
+ 2249303 w,+ 2275Tw, w5+ 982%3) + 4w (1653w + 433605 w,+ 5465wi w5+ 4270w, w3+ 1587w5)).

(A7)
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